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Introduction

 Objective: Present an alternative approach to devise bidding strategies in day-ahead electricity

markets.

 Challenge: Characterize the uncertainty on Rival competitors’ bidding.

 Assume perfect information (deterministic approach) may lead to meaningless solutions;

 Construct a probability distribution to characterize strategic behavior is a very challenging task;

 Contributions:

1. Present a novel risk-averse model based on robust optimization under polyhedral uncertainty set for devising

optimal bidding strategies in sealed-bid uniform-price auctions with multiple divisible products

2. Provide a single-level equivalent formulation suitable for decomposition techniques suitable for based on

available commercial solvers.

3. Develop an efficient solution methodology based on column-and-constraint generation (CCG) algorithm.
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Day-Ahead Electricity Markets – General Scheme

 The general idea is simple:

 Participants submit buy (demand) and sell (producers) orders.

 The market is cleared by a central (system/market) operator.

 Denition of the uniform clearing price and amount due to each participant.
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Day-Ahead Electricity Markets – General Scheme

 Our goal: develop a new methodology to devise a profit-maximizing strategic offer for a subset of

supply companies, hereinafter called Strategic Player.

 The remainders will be called Rival Players.
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Auction Problem – Linear and Continuous

 The mathematical formulation of the day-ahead market assumes a single node network with (an a

priori known) inelastic demand in a single-period setting.
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Prices submitted to the auction – social welfare maximization

• 𝑝𝑗
𝑆 → Strategic player 𝑗 ∈ 𝒩𝑆 price offer;

• 𝑝𝑖
𝑅 → Rival players 𝑖 ∈ 𝒩𝑅 price offer;

• 𝑝𝐷 → Buyer (demand) price bid
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Quantity submitted to the auction – constrains the amount sold/bought for each player

• 𝑞𝑗
𝑆 → Strategic player 𝑗 ∈ 𝒩𝑆 quantity offer;
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Auction Problem – Linear and Continuous

 The foundation of the business environment is a competitive market endowed with a sealed-bid

uniform-price auction of multiple divisible goods formulated as a linear programming problem.
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Optimal Economic Dispatch – auction solution

• 𝑔𝑗
𝑆 → Strategic player 𝑗 ∈ 𝒩𝑆 dispatch;

• 𝑔𝑖
𝑅 → Rival players 𝑖 ∈ 𝒩𝑅 dispatch;

• 𝑑 → Buyer (demand) “responsive” consumption;
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𝝀: Clearing energy price – uniform price

min
𝒈𝑆,𝒈𝑅

෍

𝑗∈𝒩𝑆

𝑝𝑗
𝑆𝑔𝑗

𝑆 + ෍

𝑖∈𝒩𝑅

𝑝𝑖
𝑅𝑔𝑖

𝑅

subject to:

෍

𝑗∈𝒩𝑆

𝑔𝑗
𝑆 + ෍

𝑖∈𝒩𝑅

𝑔𝑖
𝑅 = 𝑑; : 𝜆

0 ≤ 𝑔𝑗
𝑆 ≤ 𝑞𝑗

𝑆 , : 𝜆𝑗
𝑆
, 𝜆𝑗

𝑆 ∀ 𝑗 ∈ 𝒩𝑆;

0 ≤ 𝑔𝑖
𝑅 ≤ 𝑞𝑖

𝑅 , : 𝜆𝑖
𝑅
, 𝜆𝑖

𝑅 ∀ 𝑖 ∈ 𝒩𝑅 .



Análise de Sensibilidade
Petróleo Brasileiro S/A

Robust Strategic Bidding
LAMPS

Profit-Maximizing Strategic Offer Problem

 Major challenge: What is the optimal offer that maximizes the Strategic Player profit?
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Strategic Player Net Revenue – Auction

 The Strategic Player net revenue is composed by three terms:

1. Day-ahead market revenue of strategic player (unit) 𝑗 ∈ 𝒩𝑆: 𝜆 𝑔𝑗
𝑆

2. Production (linear) costs of strategic player (unit) 𝑗 ∈ 𝒩𝑆: 𝑐𝑗
𝑆𝑔𝑗

𝑆

3. Bid costs: 𝑓𝑆 𝒒𝑆, 𝒑𝑆
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Auction – Market

Strategic Player – Net Revenue

෍
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𝒑𝑆 , 𝒒𝑆
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Bidding Problem – Scheme

 Major challenge: how to bid into the market in order to maximize the strategic player profit?

 Assuming a feasible bid region 𝒪𝑆, the optimal bidding problem resumes to:
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Profit-Maximizing Strategic Offer Problem

 Major challenge: how to bid into the market in order to maximize the strategic player profit?

 Let ℳ 𝒑𝑆, 𝒒𝑆, 𝒑𝑅, 𝒒𝑅 be a (non-empty) set of all optimal points 𝒈𝑆 and respective dual variables 𝜆 of

the auction problem.

ℳ 𝒑𝑆, 𝒒𝑆, 𝒑𝑅, 𝒒𝑅 = 𝒈𝑆, 𝜆 𝒈𝑆, 𝜆 solves the day−ahead problem
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ℳ 𝒑𝑆 , 𝒒𝑆 , 𝒑𝑅 , 𝒒𝑅 = arg
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Bidding Problem with Auction Solution

 Main question: how to optimally bid into the market in order to maximize the strategic player profit?

 Let ℳ 𝒑𝑆, 𝒒𝑆, 𝒑𝑅, 𝒒𝑅 be a (non-empty) set of all optimal points 𝐱𝑆 and respective dual variables 𝝀 of

the auction problem.

ℳ 𝒑𝑆, 𝒒𝑆, 𝒑𝑅, 𝒒𝑅 = 𝐱𝑆, 𝝀 ∈ ℝ𝑁𝑆 ×ℝ𝑀 𝐱𝑆, 𝝀 solves the auction problem

 We can write the bidding problem as follows:
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𝒑𝑆,𝒒𝑆,𝒈𝑆,𝜆
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Profit-Maximizing Strategic Offer Problem

 Major challenge: What is the optimal offer that maximizes the Strategic Player profit?
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max
𝒑𝑆,𝒒𝑆,𝒈𝑆,𝜆

෍
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𝑆𝑔𝑗
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How to represent the uncertainty on Rivals’ bidding
variables 𝒑𝑅 , 𝒒𝑅 ?

Several works assume:

 perfect information (deterministic approach) or;

 available a probability distribution (stochastic
approach).
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Proposed Model – Robust Approach

 Key challenge: how to represent the uncertainty on rivals bidding variables (𝒑𝑅, 𝒒𝑅)?

 Let ෥𝒑𝑅, ෥𝒒𝑅 be the vector of uncertain rival price/quantity bids.

 The optimal bidding problem under uncertainty on rival’s bid can be formulated as:
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We argue that characterizing an adequate probability distribution for the rival bids ෥𝒑𝑅, ෥𝒒𝑅 is a hard 
task due to its complexity.

max
𝒑𝑆,𝒒𝑆,෤𝐱𝑆,෩𝝀

Φ ෍

𝑗∈𝒩𝑆

𝜆 𝑔𝑗
𝑆 − 𝑐𝑗

𝑆𝑔𝑗
𝑆

subject to:

𝒑𝑆, 𝒒𝑆 ∈ 𝒪𝑆

𝐱𝑆, 𝝀 ∈ ℳ 𝒑𝑆, 𝒒𝑆, ෥𝒑𝑅, ෥𝒒𝑅
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Proposed Model – Robust Approach

 In this context Robust Optimization emerges as a powerful tool.

 Let 𝒪𝑅 be set the of feasible (“credible”) bids of Rival Players. Then, the proposed model is:
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max
𝒑𝑆,𝒒𝑆

ቐ min
𝒑𝑅,𝒒𝑅,𝒈𝑆,𝜆
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𝑗∈𝒩𝑆

𝜆 𝑔𝑗
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𝑆𝑔𝑗
𝑆
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𝒑𝑅, 𝒒𝑅 ∈ 𝒪𝑅

ൡ𝒈𝑆, 𝜆 ∈ ℳ 𝒑𝑆, 𝒒𝑆, 𝒑𝑅, 𝒒𝑅 ෍

𝑗∈𝒩𝑆

subject to:

𝒑𝑆, 𝒒𝑆 ∈ 𝒪𝑆
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Proposed Model – Robust Approach

 In this context Robust Optimization emerges as a powerful tool.
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Optimal Strategic Bidding

Profit Maximization

Uncertainty – Rival Bidding

Worst-Case Bid

𝒑𝑆 , 𝒒𝑆

Auction – Market Clearing

Equilibrium Constraints

1st Level

𝒑𝑅 , 𝒒𝑅

𝒑𝑆 , 𝒒𝑆

෍

𝑗∈𝒩𝑆

𝜆 − 𝑐𝑗
𝑆 𝑔𝑗

𝑆

2nd Level

3rd Level

min ෍

𝑗∈𝒩𝑆

𝜆 − 𝑐𝑗
𝑆 𝑔𝑗

𝑆
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Proposed Model – Robust Approach

 How to solve the proposed model?

 Transform the second and third-level problems into a single-level mixed integer linear model.

Slide 23

Optimal Strategic Bidding

Profit Maximization

Uncertainty – Rival Bidding

Worst-Case Bid

𝒑𝑆 , 𝒒𝑆

Auction – Market Clearing

Equilibrium Constraints

1st Level

𝒑𝑅 , 𝒒𝑅

𝒑𝑆 , 𝒒𝑆

෍

𝑗∈𝒩𝑆

𝜆 − 𝑐𝑗
𝑆 𝑔𝑗

𝑆

2nd Level

3rd Level

min ෍

𝑗∈𝒩𝑆

𝜆 − 𝑐𝑗
𝑆 𝑔𝑗

𝑆

Single-level Mixed Integer Linear Model
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Solution Methodology – KKT System

 How to solve the proposed model?
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max
𝒑𝑆,𝒒𝑆

ቐ min
𝒑𝑅,𝒒𝑅,𝒈𝑆,𝜆

෍

𝑗∈𝒩𝑆

𝜆 𝑔𝑗
𝑆 − 𝑐𝑗

𝑆𝑔𝑗
𝑆

subject to:

𝒑𝑅, 𝒒𝑅 ∈ 𝒪𝑅

ൡ𝒈𝑆, 𝜆 ∈ ℳ 𝒑𝑆, 𝒒𝑆, 𝒑𝑅, 𝒒𝑅 ෍

𝑗∈𝒩𝑆

subject to:

𝒑𝑆, 𝒒𝑆 ∈ 𝒪𝑆

Firstly, recall that the day-ahead problem is linear and continuous.

We can replace ℳ 𝒑𝑆, 𝒒𝑆, 𝒑𝑅, 𝒒𝑅 by its KKT optimality conditions

Day-Ahead Problem
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Solution Methodology – KKT System

 How to solve the proposed model?
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max
𝒑𝑆,𝒒𝑆 ൞

min
𝒑𝑅,𝒒𝑅,𝒈𝑆,𝜆

𝝀
𝑆
,𝝀𝑆,𝝀

𝑅
,𝝀𝑅,𝜆

෍

𝑗∈𝒩𝑆

𝜆 𝑔𝑗
𝑆 − 𝑐𝑗

𝑆𝑔𝑗
𝑆

subject to:

𝒑𝑅 , 𝒒𝑅 ∈ 𝒪𝑅

෍

𝑗∈𝒩𝑆

𝑔𝑗
𝑆 + ෍

𝑖∈𝒩𝑅

𝑔𝑖
𝑅 = 𝑑; 𝑝𝑗

𝑆 − 𝜆 + 𝜆𝑗
𝑆
− 𝜆𝑗

𝑆 = 0 ∀ 𝑗 ∈ 𝒩𝑆;

0 ≤ 𝑔𝑗
𝑆 ≤ 𝑞𝑗

𝑆 , ∀ 𝑗 ∈ 𝒩𝑆; 𝑝𝑖
𝑅 − 𝜆 + 𝜆𝑖

𝑅
− 𝜆𝑖

𝑅 = 0, ∀ 𝑖 ∈ 𝒩𝑅;

0 ≤ 𝑔𝑖
𝑅 ≤ 𝑞𝑖

𝑅 , ∀ 𝑖 ∈ 𝒩𝑅; 𝜆𝑗
𝑆
, 𝜆𝑗

𝑆 , 𝜆𝑖
𝑅 , 𝜆𝑖

𝑅
≥ 0 ∀ 𝑗 ∈ 𝒩𝑆 , 𝑖 ∈ 𝒩𝑅;

𝑞𝑗
𝑆 − 𝑔𝑗

𝑆 ҧ𝜆𝑗
𝑆 = 0, ∀ 𝑗 ∈ 𝒩𝑆; 𝑞𝑖

𝑅 − 𝑔𝑖
𝑅 ҧ𝜆𝑖

𝑅 = 0, ∀ 𝑖 ∈ 𝒩𝑅;

𝑔𝑗
𝑆𝜆𝑗

𝑆 = 0 ∀ 𝑗 ∈ 𝒩𝑆; 𝑔𝑖
𝑅𝜆𝑖

𝑅 = 0 ∀ 𝑖 ∈ 𝒩𝑅; ൡ෍

subject to:

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆

Primal Constraints
Stationarity Constraints

Dual Constraints

Complementarity Constraints
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Bilinear Product – Day-Ahead Revenue

 How to solve the proposed model?
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max
𝒑𝑆,𝒒𝑆 ൞

min
𝒑𝑅,𝒒𝑅,𝒈𝑆,𝜆

𝝀
𝑆
,𝝀𝑆,𝝀

𝑅
,𝝀𝑅,𝜆

෍

𝑗∈𝒩𝑆

𝜆 𝑔𝑗
𝑆 − 𝑐𝑗

𝑆𝑔𝑗
𝑆

subject to:

𝒑𝑅 , 𝒒𝑅 ∈ 𝒪𝑅

෍

𝑗∈𝒩𝑆

𝑔𝑗
𝑆 + ෍

𝑖∈𝒩𝑅

𝑔𝑖
𝑅 = 𝑑; 𝑝𝑗

𝑆 − 𝜆 + 𝜆𝑗
𝑆
− 𝜆𝑗

𝑆 = 0 ∀ 𝑗 ∈ 𝒩𝑆;

0 ≤ 𝑔𝑗
𝑆 ≤ 𝑞𝑗

𝑆 , ∀ 𝑗 ∈ 𝒩𝑆; 𝑝𝑖
𝑅 − 𝜆 + 𝜆𝑖

𝑅
− 𝜆𝑖

𝑅 = 0, ∀ 𝑖 ∈ 𝒩𝑅;

0 ≤ 𝑔𝑖
𝑅 ≤ 𝑞𝑖

𝑅 , ∀ 𝑖 ∈ 𝒩𝑅; 𝜆𝑗
𝑆
, 𝜆𝑗

𝑆 , 𝜆𝑖
𝑅 , 𝜆𝑖

𝑅
≥ 0 ∀ 𝑗 ∈ 𝒩𝑆 , 𝑖 ∈ 𝒩𝑅;

𝑞𝑗
𝑆 − 𝑔𝑗

𝑆 ҧ𝜆𝑗
𝑆 = 0, ∀ 𝑗 ∈ 𝒩𝑆; 𝑞𝑖

𝑅 − 𝑔𝑖
𝑅 ҧ𝜆𝑖

𝑅 = 0, ∀ 𝑖 ∈ 𝒩𝑅;

𝑔𝑗
𝑆𝜆𝑗

𝑆 = 0 ∀ 𝑗 ∈ 𝒩𝑆; 𝑔𝑖
𝑅𝜆𝑖

𝑅 = 0 ∀ 𝑖 ∈ 𝒩𝑅; ൡ෍

subject to:

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆
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Bilinear Product – Day-Ahead Revenue

 How to solve the proposed model?
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max
𝒑𝑆,𝒒𝑆 ൞

min
𝒑𝑅,𝒒𝑅,𝒈𝑆,𝜆

𝝀
𝑆
,𝝀𝑆,𝝀

𝑅
,𝝀𝑅,𝜆

෍

𝑗∈𝒩𝑆

𝑝𝑗
𝑆𝑔𝑗

𝑆 + 𝜆𝑗
𝑆
𝑞𝑗
𝑆 − 𝑐𝑗

𝑆𝑔𝑗
𝑆

subject to:

𝒑𝑅 , 𝒒𝑅 ∈ 𝒪𝑅

෍

𝑗∈𝒩𝑆

𝑔𝑗
𝑆 + ෍

𝑖∈𝒩𝑅

𝑔𝑖
𝑅 = 𝑑; 𝑝𝑗

𝑆 − 𝜆 + 𝜆𝑗
𝑆
− 𝜆𝑗

𝑆 = 0 ∀ 𝑗 ∈ 𝒩𝑆;

0 ≤ 𝑔𝑗
𝑆 ≤ 𝑞𝑗

𝑆 , ∀ 𝑗 ∈ 𝒩𝑆; 𝑝𝑖
𝑅 − 𝜆 + 𝜆𝑖

𝑅
− 𝜆𝑖

𝑅 = 0, ∀ 𝑖 ∈ 𝒩𝑅;

0 ≤ 𝑔𝑖
𝑅 ≤ 𝑞𝑖

𝑅 , ∀ 𝑖 ∈ 𝒩𝑅; 𝜆𝑗
𝑆
, 𝜆𝑗

𝑆 , 𝜆𝑖
𝑅 , 𝜆𝑖

𝑅
≥ 0 ∀ 𝑗 ∈ 𝒩𝑆 , 𝑖 ∈ 𝒩𝑅;

𝑞𝑗
𝑆 − 𝑔𝑗

𝑆 ҧ𝜆𝑗
𝑆 = 0, ∀ 𝑗 ∈ 𝒩𝑆; 𝑞𝑖

𝑅 − 𝑔𝑖
𝑅 ҧ𝜆𝑖

𝑅 = 0, ∀ 𝑖 ∈ 𝒩𝑅;

𝑔𝑗
𝑆𝜆𝑗

𝑆 = 0 ∀ 𝑗 ∈ 𝒩𝑆; 𝑔𝑖
𝑅𝜆𝑖

𝑅 = 0 ∀ 𝑖 ∈ 𝒩𝑅; ൡ෍

subject to:

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆

Bilinear product: 𝜆 𝑔𝑗
𝑆

We can combine these equations and write the
bilinear product as:

𝜆 𝑔𝑗
𝑆 = 𝑝𝑗

𝑆𝑔𝑗
𝑆 + 𝜆𝑗

𝑆
𝑞𝑗
𝑆
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Complementarity Constraints

 How to solve the proposed model?
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max
𝒑𝑆,𝒒𝑆 ൞

min
𝒑𝑅,𝒒𝑅,𝒈𝑆,𝜆

𝝀
𝑆
,𝝀𝑆,𝝀

𝑅
,𝝀𝑅,𝜆

෍

𝑗∈𝒩𝑆

𝑝𝑗
𝑆𝑔𝑗

𝑆 + 𝜆𝑗
𝑆
𝑞𝑗
𝑆 − 𝑐𝑗

𝑆𝑔𝑗
𝑆

subject to:

𝒑𝑅 , 𝒒𝑅 ∈ 𝒪𝑅

෍

𝑗∈𝒩𝑆

𝑔𝑗
𝑆 + ෍

𝑖∈𝒩𝑅

𝑔𝑖
𝑅 = 𝑑; 𝑝𝑗

𝑆 − 𝜆 + 𝜆𝑗
𝑆
− 𝜆𝑗

𝑆 = 0 ∀ 𝑗 ∈ 𝒩𝑆;

0 ≤ 𝑔𝑗
𝑆 ≤ 𝑞𝑗

𝑆 , ∀ 𝑗 ∈ 𝒩𝑆; 𝑝𝑖
𝑅 − 𝜆 + 𝜆𝑖

𝑅
− 𝜆𝑖

𝑅 = 0, ∀ 𝑖 ∈ 𝒩𝑅;

0 ≤ 𝑔𝑖
𝑅 ≤ 𝑞𝑖

𝑅 , ∀ 𝑖 ∈ 𝒩𝑅; 𝜆𝑗
𝑆
, 𝜆𝑗

𝑆 , 𝜆𝑖
𝑅 , 𝜆𝑖

𝑅
≥ 0 ∀ 𝑗 ∈ 𝒩𝑆 , 𝑖 ∈ 𝒩𝑅;

𝑞𝑗
𝑆 − 𝑔𝑗

𝑆 ҧ𝜆𝑗
𝑆 = 0, ∀ 𝑗 ∈ 𝒩𝑆; 𝑞𝑖

𝑅 − 𝑔𝑖
𝑅 ҧ𝜆𝑖

𝑅 = 0, ∀ 𝑖 ∈ 𝒩𝑅;

𝑔𝑗
𝑆𝜆𝑗

𝑆 = 0 ∀ 𝑗 ∈ 𝒩𝑆; 𝑔𝑖
𝑅𝜆𝑖

𝑅 = 0 ∀ 𝑖 ∈ 𝒩𝑅; ൡ෍

subject to:

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆

The complementarity constraints can be (exact) linearized
using McCormick envelopes and binary variables.
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Proposed Model – Robust Approach

 How to solve the proposed model?

 Apply Column-and-Constraint Generation Algorithms.
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Single-level Mixed Integer Linear Model

Optimal Strategic Bidding

Profit Maximization

Uncertainty – Rival Bidding

Worst-Case Bid

𝒑𝑆 , 𝒒𝑆

Auction – Market Clearing

Equilibrium Constraints

1st Level

𝒑𝑅 , 𝒒𝑅

𝒑𝑆 , 𝒒𝑆

෍

𝑗∈𝒩𝑆

𝜆 − 𝑐𝑗
𝑆 𝑔𝑗

𝑆

2nd Level

3rd Level

min ෍

𝑗∈𝒩𝑆

𝜆 − 𝑐𝑗
𝑆 𝑔𝑗

𝑆
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Column-and-Constraint Generation Algorithm

 To ease the presentation of the Column-and-Constraint Generation Algorithm, the two-level model

will be presented in a compact way.

max
𝒛𝑈∈𝒪𝑆

min
𝒛𝐿≥𝟎
𝒖∈𝔹

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃

 Where 𝔹 is a binary set.

Slide 30
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Column-and-Constraint Generation Algorithm

 To ease the presentation of the Column-and-Constraint Generation Algorithm, the two-level model

will be presented in a compact way.

max
𝒛𝑈∈𝒪𝑆

min
𝒛𝐿≥𝟎
𝒖∈𝔹

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃

 Where 𝔹 is a binary set.

 Enquivalently, we can “split” the second-level problem into two problems:

max
𝒛𝑈∈𝒪𝑆

min
𝒖∈𝔹

min
𝒛𝐿≥𝟎

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 ∶ 𝜽

 With 𝜽 the dual variable of the inner-problem constraints.

Slide 31
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Column-and-Constraint Generation Algorithm

 To ease the presentation of the Column-and-Constraint Generation Algorithm, the two-level model

will be presented in a compact way.

max
𝒛𝑈∈𝒪𝑆

min
𝒛𝐿≥𝟎
𝒖∈𝔹

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃

 Where 𝔹 is a binary set.

 Enquivalently, we can “split” the second-level problem into two problems:

max
𝒛𝑈∈𝒪𝑆

min
𝒖∈𝔹

min
𝒛𝐿≥𝟎

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 ∶ 𝜽

 With 𝜽 the dual variable of the inner-problem constraints.

 By duality theory,

max
𝒛𝑈∈𝒪𝑆

min
𝒖∈𝔹

max
𝜽≥𝟎

𝜽𝑇 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 𝑳𝑇𝜽 ≤ 𝒈 + 𝑩𝑇𝒛𝑈

Slide 32
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Column-and-Constraint Generation Algorithm

 To ease the presentation of the Column-and-Constraint Generation Algorithm, the two-level model

will be presented in a compact way.

max
𝒛𝑈∈𝒪𝑆

min
𝒛𝐿≥𝟎
𝒖∈𝔹

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃

 Where 𝔹 is a binary set.

 Enquivalently, we can “split” the second-level problem into two problems:

max
𝒛𝑈∈𝒪𝑆

min
𝒖∈𝔹

min
𝒛𝐿≥𝟎

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 ∶ 𝜽

 With 𝜽 the dual variable of the inner-problem constraints.

 Equivalently, middle and inner problems on the constraints

Slide 33

max
𝒛𝑈,𝜂

𝜂

subject to:

𝜂 ≤ min
𝒖∈𝔹

max
𝜽≥𝟎

𝜽𝑇 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 𝑳𝑇𝜽 ≤ 𝒈 + 𝑩𝑇𝒛𝑈

𝒛𝑈 ∈ 𝒪𝑆
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Column-and-Constraint Generation Algorithm

 To ease the presentation of the Column-and-Constraint Generation Algorithm, the two-level model

will be presented in a compact way.

max
𝒛𝑈∈𝒪𝑆

min
𝒛𝐿≥𝟎
𝒖∈𝔹

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃

 Where 𝔹 is a binary set.

 Enquivalently, we can “split” the second-level problem into two problems:

max
𝒛𝑈∈𝒪𝑆

min
𝒖∈𝔹

min
𝒛𝐿≥𝟎

𝒈𝑇𝒛𝐿 + 𝒛𝑈
𝑇𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 ∶ 𝜽

 With 𝜽 the dual variable of the inner-problem constraints.

 Since 𝔹 is a binary set, we can rewrite in an equivalent form with an exponential set of constraints
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max
𝒛𝑈,𝜂

𝜂

subject to:

𝜂 ≤ max
𝜽𝒖≥𝟎

𝜽𝒖
𝑇 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 𝑳𝑇𝜽𝒖 ≤ 𝒈+ 𝑩𝑇𝒛𝑈 ∀ 𝒖 ∈ 𝔹

𝒛𝑈 ∈ 𝒪𝑆



Análise de Sensibilidade
Petróleo Brasileiro S/A

Robust Strategic Bidding
LAMPS

CCG Algorithm – Full Problem

 Therefore, the following single-level formulation can be written

 The resulting model is a large-scale optimization proble with (pottentially) exponential set of

constraints, but suitable for Column-and-Constraint Generation Algorithm.
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𝜑∗ = max
𝒛𝑈,𝜂,𝜽𝒖

−𝑓𝑆 𝒛𝑈 + 𝜂

subject to:

𝜂 ≤ 𝜽𝒖
𝑇 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 ∀ 𝒖 ∈ 𝔹

𝑳𝑇𝜽𝒖 ≤ 𝒈+ 𝑩𝑇𝒛𝑈 ∀ 𝒖 ∈ 𝔹

𝜽𝒖 ≥ 𝟎 ∀ 𝒖 ∈ 𝔹

𝒛𝑈 ∈ 𝒪𝑆
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CCG Algorithm – Master Problem

 Then, consider 𝔹𝑘 ⊂ 𝔹 and the following optimization problem:

 Since 𝔹𝑘 ⊂ 𝔹, 𝜑𝑘 ≥ 𝜑∗ and therefore an upper-bound for the Full Problem.

 Let 𝒛𝑈, 𝑘 be the optimal solution for 𝒛𝑈.
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𝜑𝑘 = max
𝒛𝑈,𝜂,𝜽𝒖

−𝑓𝑆 𝒛𝑈 + 𝜂

subject to:

𝜂 ≤ 𝜽𝒖
𝑇 𝑬𝒛𝑈 + 𝑭𝒖 + 𝒃 ∀ 𝒖 ∈ 𝔹𝑘

𝑳𝑇𝜽𝒖 ≤ 𝒈+ 𝑩𝑇𝒛𝑈 ∀ 𝒖 ∈ 𝔹𝑘

𝜽𝒖 ≥ 𝟎 ∀ 𝒖 ∈ 𝔹𝑘

𝒛𝑈 ∈ 𝒪𝑆



Análise de Sensibilidade
Petróleo Brasileiro S/A

Robust Strategic Bidding
LAMPS

CCG Algorithm – Oracle

 Now, consider the following optimization problem:

𝜑𝑘 = min
𝒛𝐿≥𝟎, 𝒖∈𝔹

𝒈𝑇𝒛𝐿 + 𝒛𝑈, 𝑘
𝑇 𝑩𝒛𝐿 𝑳𝒛𝐿 ≥ 𝑬𝒛𝑈, 𝑘 + 𝑭𝒖 + 𝒃

 Since 𝒛𝑈, 𝑘 ∈ 𝒪𝑆, then 𝜑𝑘 ≤ 𝜑∗ and therefore a lower-bound for the Full Problem.

 Let 𝒖𝑘 be the optimal solution for the binary vector 𝒖.

Slide 37
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 The pseudocode of the Column-and-Constraint Generation algorithm is:

CCG Algorithm – Description
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Initialization: 𝑈𝐵 ← +∞,𝐿𝐵 ← −∞,𝑘 ← 1 and 𝜀 > 0

while 𝑈𝐵 − 𝐿𝐵 ≥ 𝜀 do

Step 1: Solve Master Problem with 𝔹𝑘. Store 𝒛𝑈, 𝑘 and set 𝑈𝐵 ← 𝜑𝑘;

Step 2: Solve Oracle Problem with 𝒛𝑈, 𝑘 . Let 𝒖𝑘 be the corresponding optimal binary vector. Set 

𝐿𝐵 ← max 𝐿𝐵, 𝜑𝑘 ;

Step 3: Make 𝔹𝑘+1 ← 𝔹𝑘 ∪ 𝒖𝑘 . Set 𝑘 ← 𝑘 + 1;

end

Return 𝒛𝑈, 𝑘−1
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Day-Ahead Bidding Problem – Small Example

 Assume the following small example.

 Strategic Player: fixed price bid; game only on quantity bids.

 Rival Players: No uncertainty is assumed on rival bids (perfect information)

 Buyer: demand of 𝑑 = 100 MWh
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Strategic
Unit

Price Bid
($/MWh)

Quantity Bid
(MWh)

Cost
($/MWh)

# 1 0.00 [0:1:100] 0.00

Rival Unit
Price Bid
($/MWh)

Quantity Bid
(MWh)

# 1 0050.00 040

# 2 0100.00 040

# 3 1000.00 100
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Small Example – Strategic Player Profit
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Optimal Bid: 
𝒒𝑺 = 𝟏𝟗 MWh with 𝑹𝑺 𝟏𝟗 = 𝟏𝟗𝟎𝟎𝟎 $
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Small Example – Strategic Player Profit
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Rival Unit
Price Bid
($/MWh)

Quantity Bid
(MWh)

# 1 0050.00 040

# 2 0100.00 040

# 3 1000.00 100

demand 100 MWh

1000 $/MWh

100 $/MWh 50 $/MWh

𝑞𝑆 ∈ 0,19 𝑞𝑆 ∈ 20,59 𝑞𝑆 ∈ 60,100
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Small Example – CCGA Outline

 How is intuition behind the CCGA applied to this problem?

 Basically, each set of row and columm inserted in the Master Problem is related to a linear piece of

the Strategic Player profit function.
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max
𝒑𝑆,𝒒𝑆,𝜂

𝜂

subject to:

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆

𝜂
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Small Example – CCGA Outline

 How is intuition behind the CCGA applied to this problem?

 Basically, each set of row and columm inserted in the Master Problem is related to a linear piece of

the Strategic Player profit function.
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𝜂max
𝒑𝑆,𝒒𝑆,𝜂

𝜂

subject to:

𝜂 ≤

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆

Set of Row and Column – #1

Fixed 𝝁 #𝟏
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Small Example – CCGA Outline

 How is intuition behind the CCGA applied to this problem?

 Basically, each set of row and columm inserted in the Master Problem is related to a linear piece of

the Strategic Player profit function.

Slide 44

𝜂max
𝒑𝑆,𝒒𝑆,𝜂

𝜂

subject to:

𝜂 ≤

𝜂 ≤

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆

Set of Row and Column – #1

Fixed 𝝁 #𝟏

Set of Row and Column – #2

Fixed 𝝁 #𝟐
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Small Example – CCGA Outline

 How is intuition behind the CCGA applied to this problem?

 Basically, each set of row and columm inserted in the Master Problem is related to a linear piece of

the Strategic Player profit function.
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𝜂max
𝒑𝑆,𝒒𝑆,𝜂

𝜂

subject to:

𝜂 ≤

𝜂 ≤

𝜂 ≤

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆

Set of Row and Column – #1

Fixed 𝝁 #𝟏

Set of Row and Column – #2

Fixed 𝝁 #𝟐

Set of Row and Column – #3

Fixed 𝝁 #𝟑
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Small Example – CCGA Outline

 How is intuition behind the CCGA applied to this problem?

 Basically, each set of row and columm inserted in the Master Problem is related to a linear piece of

the Strategic Player profit function.

 At each new iteration, a new linear piece is “inserted” into the Master Problem.
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max
𝒑𝑆,𝒒𝑆,𝜂

𝜂

subject to:

𝜂 ≤

𝜂 ≤

𝜂 ≤

𝜂 ≤

𝒑𝑆 , 𝒒𝑆 ∈ 𝒪𝑆

Set of Row and Column – #1

Fixed 𝝁 #𝟏

Set of Row and Column – #2

Fixed 𝝁 #𝟐

Set of Row and Column – #3

Fixed 𝝁 #𝟑

Set of Row and Column – #4

Fixed 𝝁 #𝟒

𝜂
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Case Study – Uncertainty in Rival’s Bid

 This second numerical experiment is composed by

 The strategic player own two 𝑁𝑆 = 2 power units;

 We consider 14 rival players 𝑁𝑅 = 14 , devided in 𝑁𝑅
𝑃𝑀

= 4 price makers and 𝑁𝑅
𝑃𝑇

= 10 price takers;

 A demand of 𝑑 = 195.

 The strategic player feasible set is:

𝒪𝑆 = 𝒑𝑆 , 𝒒𝑆 ∈ ℤ𝑁𝑆 × ℤ𝑁𝑆
0 ≤ 𝑝𝑆,𝑗 ≤ ҧ𝑝𝑆,𝑗, ∀ 𝑗 ∈ 𝒩𝑆

0 ≤ 𝑞𝑆,𝑗 ≤ ത𝑞𝑆,𝑗, ∀ 𝑗 ∈ 𝒩𝑆
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 In this numerical experiment, we assume available na estimative (Nash-Cournot equilibrium) of the

rival’s bid, denoted by ෝ𝒑𝑅, ෝ𝒒𝑅 .

 We argue that an accurate estimation of a joint probability distribution of market conditions that induce the

equilibrium is a hard task.

 Therefore, deviations from the nominal equilibrium point are very likely to be observed.

 Two sources of uncertainty were considered:

1. Imprecision over the equilibrium point evaluation;

2. Uncertainty related to the rival players’ strategic action;

 The rival players’ uncertainty set can be formulated as follows:

Case Study – Uncertainty in Rival’s Bid
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𝑞𝑅

𝑝𝑅

ො𝑝𝑅 , ො𝑞𝑅

ො𝑝𝑅

Γ

Δ𝑝
− Δ𝑝

+

Δ𝑞
−

ො𝑞𝑅

Δ𝑞
+

𝒪𝑅 = 𝒑𝑅, 𝒒𝑅

∃ 𝟎 ≤ 𝒗+, 𝒗−, 𝒘+,𝒘− ≤ 𝟙 ∶
𝒑𝑅 = ෝ𝒑𝑅 + 𝜟𝒑

+𝒗+ − 𝜟𝒑
−𝒗−

𝒒𝑅 = ෝ𝒒𝑅 + 𝜟𝒒
+𝒘+ − 𝜟𝒒

−𝒘−

𝟙𝑇 𝒗+ + 𝒗− +𝒘+ +𝒘− ≤ 𝛤
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Case Study – Imprecision on Nominal Bids Estimation

 Let 𝛿 > 0 quantify the level of imprecision on the Nash equilibrium evaluation.

 We can charaterize an imprecision on nominal bids estimation as follows:

i. Ƹ𝑝𝑅,𝑖 , Δ𝑝𝑖
+ , Δ𝑝𝑖

− = 𝑐𝑅,𝑖 , 𝛿𝑐𝑅,𝑖, 𝛿𝑐𝑅,𝑖 , ∀ 𝑖 ∈ 𝒩𝑅;

ii. ො𝑞𝑅,𝑖 , Δ𝑞𝑖
+ , Δ𝑞𝑖

− = 𝑞𝑅,𝑖
𝑒𝑞

, 𝛿𝑞𝑅,𝑖
𝑒𝑞

, 𝛿𝑞𝑅,𝑖
𝑒𝑞

, ∀ 𝑖 ∈ 𝒩𝑅
𝑃𝑀

;

iii. Ƹ𝑝𝑅,𝑖 , Δ𝑝𝑖
+ , Δ𝑝𝑖

− = 𝑞𝑅,𝑖
𝑒𝑞

, 0,0 , ∀ 𝑖 ∈ 𝒩𝑅
𝑃𝑇

;
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𝑞𝑅

𝑝𝑅

ො𝑝𝑅 , ො𝑞𝑅

𝑐𝑅

Γ

Δ𝑝
− Δ𝑝

+

Δ𝑞
−

𝑞𝑅
𝑒𝑞

Δ𝑞
+
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Case Study – Imprecision on Nominal Bids Estimation

 Let 𝛿 > 0 quantify the level of imprecision on the Nash equilibrium evaluation.
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Γ = 0Γ = 1
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Case Study – Imprecision on Nominal Bids Estimation

 Let 𝛿 > 0 quantify the level of imprecision on the Nash equilibrium evaluation.

 Net revenue distribution assuming 𝛿 = 1% for conservativeness levels of Γ ∈ 0, 1 .

Slide 51

 We highlight that even in market conditions in which the equilibrium can be estimated within an 1% 

imprecision, bidding the equilibrium can induce a significant risk for the strategic player.

 The proposed robust model identify a bidding strategy with a slight reduction in expected revenue, but 

with significantly less risk.
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Case Study – Uncertainty Rivals’ (Quantity) Bid

 Let 𝜁 > 0 quantify the level of uncertainty on rivals’ bid and fix 𝛿 = 30%.

 For this case, we can construct the uncertainty set as follows:

i. Ƹ𝑝𝑅,𝑖 , Δ𝑝𝑖
+ , Δ𝑝𝑖

− = 𝑐𝑅,𝑖 , 𝛿𝑐𝑅,𝑖, 𝛿𝑐𝑅,𝑖 , ∀ 𝑖 ∈ 𝒩𝑅;

ii. ො𝑞𝑅,𝑖 , Δ𝑞𝑖
+ , Δ𝑞𝑖

− = 𝑞𝑅,𝑖
𝑒𝑞

, 𝜁 ത𝑞𝑅,𝑖 − 𝑞𝑅,𝑖
𝑒𝑞

, 0 , ∀ 𝑖 ∈ 𝒩𝑅
𝑃𝑀

;

iii. Ƹ𝑝𝑅,𝑖 , Δ𝑝𝑖
+ , Δ𝑝𝑖

− = 𝑞𝑅,𝑖
𝑒𝑞

, 0,0 , ∀ 𝑖 ∈ 𝒩𝑅
𝑃𝑇

;
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𝑞𝑅

𝑝𝑅
𝑐𝑅

Δ𝑝
− Δ𝑝

+

Δ𝑞
−

𝑞𝑅
𝑒𝑞

Δ𝑞
+

ത𝑞𝑅,𝑖

ො𝑝𝑅 , ො𝑞𝑅

Γ
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Case Study – Uncertainty Rivals’ (Quantity) Bid

 Let 𝜁 > 0 quantify the level of uncertainty on rivals’ bid and fix 𝛿 = 30%.
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Thank You

Contact: Bruno Fanzeres – bruno.santos@puc-rio.br

Website: https://www.ind.puc-rio.br/~bruno

LAMPS: http://www.lamps.ind.puc-rio.br
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Bruno Fanzeres, Shabbir Ahmed, and Alexandre Street, “Robust Strategic Bidding in Auction-Based

Markets,” European Journal of Operational Research, vol. 272, no. 3, pp. 1158-1172, Feb. 2019.
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Conclusões sobre a GF Certificada
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 A atual GF certificada não apresenta uma interpretação probabilística sobre a geração
do parque.

 Em nossa opinião a GF deveria expressar um nível de confiabilidade de produção, seja
mensal ou anual.

 No caso de um índice anual, estaríamos somente considerando a confiabilidade
energética aportada pela eólica anualmente. Nada poderia ser dito em termos anuais.

 No caso de um índice que expresse uma confiabilidade mensal, o parque deveria ter
12 certificados, um para cada mês. O parque pode ser pensado como 12 diferentes
usinas, cada uma associada a cada mês do ano, dentro dos quais a produção exibe um
perfil de produção aleatório, mas estacionário.


